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Abstract 

In this paper a bivariate probability model for two types of conceptions 
occurring during the latter phase of the reproductive span of females has 
been proposed when the start of the observational period is a distant point 
since marriage. The model has been formulated by considering the 
incidence of secondary sterility during the observational period. The model 
is applied on a real data for illustration.  

Introduction  

A univariate probability distribution for number of conceptions during a 
given period of time is derived by Srivastava and Singh (1989) in which 
variation in sterility parameter with respect to age is considered. Singh (1978) 
proposed and applied a bivariate probability model during any segment of the 
reproductive span, the starting point being a distant one since marriage, for two 
types of conception, viz., those resulting in live birth and the offspring 
continuing to live beyond the period of one year, and those in which the 
offspring dies within the period of one year. 

Implicit, however, in Singh's study. It is considered that the female, who is 
fecund at the start of the observational period, remains so throughout the period. 
But Srivastava and Singh (1989) have considered that transition from fecundity 
to sterility is age-dependent and the rate of transition increases, especially in the 
latter segment of marital life. Hence Singh's model is not suitable when applied 
for the reproductive performance of females for the later period of reproductive 
span. 

Keeping the above in view, we have modified Singh's model by 
considering the incidence of secondary sterility during the observational period. 
The present paper deals with the formulation of a probability distribution 
employing observation on the number of live birth conceptions of two types, 
viz., child dying within a year and child surviving for more than a year. The 
model is elaborated along with the assumptions in Section 2. Additionally, the 
model has been applied to an observed distribution, for illustration, taken from 
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the survey. "Rural Development and Population Growth (1978)". Section 3 
deals with the application. The conclusion follow in Section 4. 

Model 

A female is observed between time points t1 and t2 (t1 < t2 and t2 - t1 = T), 
where t1 is a distant point since marriage. Let us assume the following : 

1. The female has led a married life throughout the observational period (t1, 
t2). 

2. The probability that a female fecund at t and conceiving during the 
interval (t, t +∆ t ) is  m∆ t + O(∆  t) ; t1 < t < t2 and m > 0. 

3. Each conception results in a live birth. Further let (1-θ) be the probability 
that a child born alive, dies before completing the first year of life (taken 
here as type I conception) and  θ  be the probability that the child survives 
for more than a year (taken here as type  II  conception). 

4. Let h1 and h2, (h1 < h2) be the rest periods associated with the conceptions 
of types I and II respectively. 

5. Further, the above-mentioned assumptions are also true for a considerable 
period of time prior to t1 so that the reproduction process is in equilibrium 
at t1. 

6. Let a1 be the probability that the female is fecund at the start of the 
observational period. Then it follows that (1 - a1) is the probability that she 
is incapable of producing children during the observational period.  

7.  Let (1 - a2)   be the probability that the female becomes sterile during the 
interval (t1, t2), given that she was fecund at the start of the observation 
period. Further, the probability that such a female will become sterile 
during  (t, t + dt)  is  g(t) dt   where   g (t)  =   ଵ


 ,     t1 < t < t2  

Let X1 (߬) and X2 (߬) denote the number of conceptions of types I and II 
respectively to a female during a time interval (t1, t1 + ߬)  of length  ߬  (0 < ߬ ≤ t2 
- t1).  

Let P[ X1 (߬) = i, X2 (߬) = j] = Pi, j (߬) denotes the joint probability function 
of X1 (߬) and  

X2 (߬). 

Under the assumption 4, the maximum number of conceptions of type I to 
a female during the period of observation of length T cannot exceed n1, while in 
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case of conceptions of type II, this number is  n2  where  ni ≤ [T/hi] + 1, [T/hi]  
stands for the greatest integer not exceeding  T/hi  for i= 1, 2.  

Let the successive conceptions occur at times T1, T1 + T2, T1 + T2 + T3, 
…, measured from the point  t1 . T1 is the time of first recording of conception 
and Tr (r > 1) is the time between (r-1)th and rth recordings. Under the 
assumptions 1 to 5, the probability density function (p.d.f.) of T1 is given by  

f1 (t)  = 1µ ,        0 < t ≤ h1 

 = 1µ  - ሺ1െθሻ
µ  ሺ1 െ eെmሺtെh1ሻሻ,    h1 < t ≤ h2 

 = 1µ  - ሺ1െθሻ
µ  ൫1 െ eെmሺtെh1ሻ൯ െ θµ  ൫1 െ eെmሺtെh1ሻ൯,     t > h2    (1)                         

Further, the p.d.f. of the waiting time of the (i+j)th conception since  t1, 
given that, among the preceding  (i+j-1)  conceptions,  (i-1)  are of type I and  j  
are of type II, is given by (Singh, 1978) 

fi+j (t/ i-1, j)  = 0;                              0 < t ≤ (i-1) h1 + jh2 

  = π1,1 (t, i, j) ;                     (i-1)h1 + jh2 < t ≤ ih1 + jh2 

 = π1,1 (t, i, j)  -  π1,2 (t, i, j);  ih1 + jh2  < t  ≤ (i-1)h1  +  (j+1)h2 

 = π1,1 (t, i, j) - π1,2 (t, i, j) - π1,3 (t, i, j);  t >  (i-1)h1  +  (j+1)h2     (2) 

Where, 

 π1,1 ሺ t, i, jሻ ൌ 1
µ  ቈ1 െ eെm൫tെiെ1h1െjh2൯  ∑ ms൫tെiെ1h1െjh2൯

s

s !  ijെ2
sൌ0    

      π1,2 ሺt, i, jሻ ൌ ሺ1െθሻ
µ  ቂ1 െ eെmሺtെih1െjh2ሻ  ∑ msሺtെih1െjh2ሻs

s !  ijെ1
sൌ0 ቃ  

and 

     π1,3 ሺt, i, jሻ ൌ θ
µ

ቈ1 െ eെm൫tെiെ1h1െj1h2൯  ∑ ms൫tെiെ1h1െj1h2൯
s

s !  ijെ1
sൌ0   

and  µ  is the mean corresponding to the  p.d.f. of  Tr  (r>1). 

It is easy to see that  µ = 1 mh
݉   ;     h  ൌ   ሺ1 െ θሻh1   θh2          

The p.d.f. of the waiting time of the (i + j)th conception since t1, given that 
among the preceding (i + j - 1) conceptions i are of type I and (j - 1) are of type 
II, can easily be evaluated by putting i and (j - 1) respectively in place of (i -1) 
and j in equation (2). It is easy to see that  
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fi+j (t/i, j-1) = 0 ;  0 < t ≤ ih1 + (j - 1) h2 

 = π2, 1 (t, i, j) ;        ih1 + (j - 1)h2 < t ≤ (i + 1)h1 + (j - 1)h2 

 = π2, 1 (t, i, j) - π2, 2 (t, i, j) ;         (i + 1)h1 + (j - 1)h2 < t ≤ ih1 + jh2 

 = π2, 1 (t, i, j) - π2, 2 (t, i, j) - π2, 3 (t, i, j) ;     t > ih1 + jh2                  (3) 

where 

π2,1 ሺt, i, jሻ ൌ 1
µ  ቈ1 െ eെm൫tെih1െjെ1h2൯  ∑ ms൫tെih1െjെ1h2൯

s

s !  ijെ2
sൌ0            

π2,2 ሺt, i, jሻ ൌ ሺ1െθሻ
µ  ቈ1 െ eെm൫tെi1h1െjെ1h2൯  ∑ ms൫tെi1h1െjെ1h2൯

s

s !  ijെ1
sൌ0         

and 

π2,3 ሺt, i, jሻ ൌ θ
µ  ቂ1 െ eെmሺtെih1െjh2ሻ  ∑ msሺtെih1െjh2ሻs

s !  ijെ1
sൌ0 ቃ                       

Let us consider the probability of occurrence of the event [X1 (τ) = i, X2 
(τ) = j], i.e. the probability of occurrence of i and j conceptions of types I and II 
respectively to a female during (t1, t1 + τ) denoted by Pi,j

כ  (τ). Under the 
assumptions 1 to 5. 

P0,0 
כ  ሺτሻ ൌ  1 െ  fଵሺtሻdtτ

  

              ൌ  1 െ τ

µ
                        ;   0 ൏  τ ≤  hଵ  

                 ൌ  1 െ ሺଵିθሻ୦భ
µ

െ θτ
µ

െ  ሺଵିθሻ
୫µ

 ሺ1 െ eି୫ሺτି୦భሻሻ ;    hଵ ൏  τ ≤  hଶ   

                 ൌ  ሺଵିθሻ
୫µ

 eି୫ሺτି୦భሻ  θ

୫µ
eି୫ሺτି୦మሻ ;   τ ≥  hଶ                                ሺ4ሻ   

which is same as 

P0,0
כ  ሺτሻ ൌ  1 െ φଵ,ଵሺτ, 1, 0ሻ                                                     ;    0 ൏  τ ≤  hଵ  

            ൌ  1 െ φଵ,ଵሺτ, 1, 0ሻ   φଵ,ସሺτ, 1, 0ሻ                           ;    hଵ ൏  τ ≤  hଶ   

              ൌ
 1 െ φଵ,ଵሺτ, 1, 0ሻ  φଵ,ସሺτ, 1, 0ሻ  φଵ,ହሺτ, 1, 0ሻ                              ;    τ ≥  hଶ        ሺ5ሻ  

Further, let us denote by 1Pi, j (τ) the probability of occurrence of the event 
[X1 (τ) = i, X2 (τ) = j], when (i + j)th conception is of type I, and by 2Pi, j (τ) the 
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probability of the occurrence of the event [X1 (τ) = i, X2 (τ) = j)], when (i + j)th 
conception is of type II. 

It is obvious that if (i + j)th conception during (t1, t1 + τ) is of type I, then 
before the last conception there would be (i - 1) and j conceptions in regard to 
types I and II respectively. 

Hence, the probability 1Pi, j (τ) is given by 

1Pi, j (τ)ൌ  ሺ୧ା୨ିଵሻ!
ሺ୧ିଵሻ!୨!

ሺ1 െ θሻ୧θ୨   f୧ା୨
τ

 ሺt/i െ 1, jሻ  

                {Probability of no conception during (t1 + t, t1 + τ)} dt     (6) 

 = 0                   ;     0 < τ ≤ (i - 1)h1 + jh2 

                          ൌ  ሺ୧ା୨ିଵሻ!
ሺ୧ିଵሻ!୨!

ሺ1 െ θሻ୧θ୨  πଵ,ଵ
τ

ሺ୧ିଵሻ୦భା୨୦మ
ሺt, i, jሻ dt    

                                                       ; ሺi െ 1ሻhଵ  jhଶ ൏ τ ≤ ihଵ  jhଶ  

              ൌ  ሺ୧ା୨ିଵሻ!
ሺ୧ିଵሻ!୨!

ሺ1 െ θሻ୧θ୨ ቂ πଵ,ଵ
τି୦భ

ሺ୧ିଵሻ୦భା୨୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦భሻdt 

                                                       πଵ,ଵ
τ
τି୦భ

ሺt, i, jሻdt െ

                                                      πଵ,ଶ
τ

୧୦భା୨୦మ
ሺt, i, jሻdt ቃ   

                                                        ;  ihଵ  jhଶ ൏ τ ≤ ሺi െ 1ሻhଵ  ሺj  1ሻhଶ  

ൌ  ሺ୧ା୨ିଵሻ!
ሺ୧ିଵሻ!୨!

ሺ1 െ θሻ୧θ୨ ቂ πଵ,ଵ
τି୦భ

ሺ୧ିଵሻ୦భା୨୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦భሻdt  πଵ,ଵ

τ
τି୦భ

ሺt, i, jሻdt െ

                                     πଵ,ଶ
τ

୧୦భା୨୦మ
ሺt, i, jሻdt െ  πଵ,ଷ

τ
ሺ୧ିଵሻ୦భାሺ୨ାଵሻ୦మ

ሺt, i, jሻdt ቃ    

                                            ; ሺi െ 1ሻhଵ  ሺj  1ሻhଶ ൏ τ ≤ ሺi  1ሻhଵ  jhଶ  

ൌ  ሺ୧ା୨ିଵሻ!
ሺ୧ିଵሻ!୨!

ሺ1 െ θሻ୧θ୨ ቂ πଵ,ଵ
τି୦భ

ሺ୧ିଵሻ୦భା୨୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦భሻdt െ

                                    πଵ,ଶ
τି୦భ

୧୦భା୨୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦భሻdt   πଵ,ଵ

τ
τି୦భ

ሺt, i, jሻdt െ

                                    πଵ,ଶ
τ
τି୦భ

ሺt, i, jሻdt –  πଵ,ଷ
τ

ሺ୧ିଵሻ୦భାሺ୨ାଵሻ୦మ
ሺt, i, jሻdt ቃ ;   

                                                             ሺi  1ሻhଵ  jhଶ ൏ τ ≤ ihଵ  ሺj  1ሻhଶ  

ൌ  ሺ୧ା୨ିଵሻ!
ሺ୧ିଵሻ!୨!

ሺ1 െ θሻ୧θ୨ ቂ πଵ,ଵ
τି୦భ

ሺ୧ିଵሻ୦భା୨୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦భሻdt െ

                                    πଵ,ଶ
τି୦భ

୧୦భା୨୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦భሻdt െ
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                                    πଵ,ଷ
τି୦భ

ሺ୧ିଵሻ୦భାሺ୨ାଵሻ୦మ
ሺt, i, jሻ  eି୫ ሺτି୲ି୦భሻ dt 

                                    ൛πଵ,ଵሺt, i, jሻ െ πଵ,ଶሺt, i, jሻ െ πଵ,ଷሺt, i, jሻൟτ
τି୦భ

dt ቃ   

                                                    ; τ  ݅hଵ  ሺj  1ሻhଶ                                      ሺ7ሻ  

Further, when (i + j)th conception during (t1, t1 + τ) is of type II, then 
before the last conception there would be i and (j-1) conceptions that are of 
types I and II respectively. 

Hence, 

2Pi, j (τ)ൌ  ሺ୧ା୨ିଵሻ!
୧!ሺ୨ିଵሻ!

ሺ1 െ θሻ୧θ୨   f୧ା୨
τ

 ሺt/i, j െ 1ሻ  

                [Probability of no conception during (t1 + t, t1 + τ)] dt 
        (8) 

             = 0                                 ;     0 < τ ≤ ih1 + (jെ1)h2 

          ൌ  ሺ୧ା୨ିଵሻ!
୧!ሺ୨ିଵሻ!

ሺ1 െ θሻ୧θ୨  πଶ,ଵ
τ

୧୦భାሺ୨ିଵሻ୦మ
ሺt, i, jሻ dt 

                                                          ;       ihଵ  ሺj െ 1ሻhଶ
൏ τ ≤ ሺi  1ሻhଵ  ሺj െ 1ሻhଶ 

ൌ
 ሺ୧ା୨ିଵሻ!

୧!ሺ୨ିଵሻ!
ሺ1 െ θሻ୧θ୨ ቂ πଶ,ଵ

τ
୧୦భାሺ୨ିଵሻ୦మ

ሺt, i, jሻ dt െ  πଶ,ଶ
τ

ሺ୧ାଵሻ୦భାሺ୨ିଵሻ୦మ
ሺt, i, jሻ dt   ቃ  

                                                          ; ሺi  1ሻhଵ  ሺj െ 1ሻhଶ ൏ τ ≤ ihଵ  jhଶ  

ൌ
ሺ୧ା୨ିଵሻ!
୧!ሺ୨ିଵሻ!

ሺ1 െ θሻ୧θ୨ ቂ πଶ,ଵ
τି୦మ

୧୦భାሺ୨ିଵሻ୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦మሻ dt   πଶ,ଵ

τ
τି୦మ

ሺt, i, jሻdt െ

                                    πଶ,ଶ
τ

ሺ୧ାଵሻ୦భାሺ୨ିଵሻ୦మ
ሺt, i, jሻ dt െ  πଶ,ଷ

τ
୧୦భା୨୦మ

ሺt, i, jሻ dt   ቃ  

                                                                   ; ihଵ  jhଶ ൏ τ ≤ ሺi  1ሻhଵ  jhଶ  

ൌ ሺ୧ା୨ିଵሻ!
୧!ሺ୨ିଵሻ!

ሺ1 െ θሻ୧θ୨ ቂ πଶ,ଵ
τି୦మ

୧୦భାሺ୨ିଵሻ୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦మሻ dt െ

                                   πଶ,ଶ
τି୦మ

ሺ୧ାଵሻ୦భାሺ୨ିଵሻ୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦మሻ dt 

                                   πଶ,ଵ
τ
τି୦మ

ሺt, i, jሻdt െ  πଶ,ଶ
τ
τି୦మ

ሺt, i, jሻ dt െ

                                   πଶ,ଷ
τ

୧୦భା୨୦మ
ሺt, i, jሻ dt   ቃ  
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                                                                ; ሺi  1ሻhଵ  jhଶ ൏ τ ≤ ihଵ  ሺj  1ሻhଶ  

ൌ  ሺ୧ା୨ିଵሻ!
୧!ሺ୨ିଵሻ!

ሺ1 െ θሻ୧θ୨ ቂ πଶ,ଵ
τି୦మ

୧୦భାሺ୨ିଵሻ୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦మሻ dt െ

                                   πଶ,ଶ
τି୦మ

ሺ୧ାଵሻ୦భାሺ୨ିଵሻ୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦మሻ dt െ

                                   πଶ,ଷ
τି୦మ

୧୦భା୨୦మ
ሺt, i, jሻ eି୫ ሺτି୲ି୦మሻ dt 

                                   ൛πଶ,ଵሺt, i, jሻ െ  πଶ,ଶሺt, i, jሻ െ  πଶ,ଷሺt, i, jሻൟτ
τି୦మ

 dt ቃ  

                                                                    ;  τ   ݅hଵ  ሺj  1ሻhଶ                   ሺ9ሻ  

Thus, under the assumptions 1 to 5 , P୧,୨
כ  ሺτሻ  is given by  

Pi,j
כ  ሺτሻ  =  1Pi, j (τ)  +  2Pi, j (τ) 

= 0    ;                                                                    0 < τ ≤ ih1 + (j - 1)h2 

ൌ  ሺ୧ା୨ିଵሻ!
୧! ୨!

ሺ1 െ θሻ୧θ୨ ൣj ଶ,ଵ ሺτ, i, jሻ൧  ;      ihଵ  ሺj െ 1ሻhଶ ൏ τ ≤ ሺi െ 1ሻhଵ  jhଶ  

ൌ  ሺ୧ା୨ିଵሻ!
୧! ୨!

ሺ1 െ θሻ୧θ୨ ൣi ଵ,ଵ ሺτ, i, jሻ   j ଶ,ଵ ሺτ, i, jሻ൧    

                                                     ሺi െ 1ሻhଵ  jhଶ ൏ τ ≤ ሺi  1ሻhଵ  ሺj െ 1ሻhଶ  

ൌ  ሺ୧ା୨ିଵሻ!
୧! ୨!

ሺ1 െ θሻ୧θ୨ ൣi ଵ,ଵ ሺτ, i, jሻ  j ൛ ଶ,ଵ ሺτ, i, jሻ െ ,ଶ,ଶ ሺτ  i, jሻൟ൧   

                                                                ; ሺi  1ሻhଵ  ሺj െ 1ሻhଶ ൏ τ ≤ ihଵ  jhଶ  

ൌ  ሺ୧ା୨ିଵሻ!
୧! ୨!

ሺ1 െ θሻ୧θ୨ ൣi ൛ ଵ,ଶ ሺτ, i, jሻ  ,ଵ,ଷ ሺτ  i, jሻ െ ,ଵ,ସ ሺτ  i, jሻൟ 

                                   j ൛െଶ,ଶ ሺτ, i, jሻ  ,ଶ,ଷ ሺτ  i, jሻ  ,ଶ,ସ ሺτ  i, jሻ െ ,ଶ,ହ ሺτ  i, jሻൟ൧   

                                                                ; ihଵ  jhଶ ൏ τ ≤ ሺi െ 1ሻhଵ  ሺj  1ሻhଶ 

ൌ  ሺ୧ା୨ିଵሻ!
୧! ୨!

ሺ1 െ θሻ୧θ୨ ൣi ൛ ଵ,ଶ ሺτ, i, jሻ  ,ଵ,ଷ ሺτ  i, jሻ െ ,ଵ,ସ ሺτ  i, jሻ െ

,ଵ,ହ ሺτ  i, jሻሽ                                        j ൛െ ଶ,ଶ ሺτ, i, jሻ  ,ଶ,ଷ ሺτ  i, jሻ 
,ଶ,ସ ሺτ  i, jሻ െ ,ଶ,ହ ሺτ  i, jሻሽ൧   

                                                    ; ሺi െ 1ሻhଵ  ሺj  1ሻhଶ ൏ τ ≤ ሺi  1ሻhଵ  jhଶ  

ൌ  ሺ୧ା୨ିଵሻ!
୧! ୨!

ሺ1 െ θሻ୧θ୨ ൣi ൛ ଵ,ଶ ሺτ, i, jሻ  ,ଵ,ଷ ሺτ  i, jሻ െ ,ଵ,ହ ሺτ  i, jሻ െ

,ଵ, ሺτ  i, jሻ െ ,ଵ, ሺτ                                         i, jሻሽ  j ൛ଶ,ଷ ሺτ, i, jሻ 
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,ଶ,ସ ሺτ  i, jሻ െ ,ଶ,ହ ሺτ  i, jሻ െ ,ଶ, ሺτ                                i, jሻ െ ,ଶ, ሺτ  i, jሻሽ൧   

                                                             ; ሺi  1ሻhଵ  jhଶ ൏ τ ≤ ihଵ  ሺj  1ሻhଶ  

ൌ  ሺ୧ା୨ିଵሻ!
୧! ୨!

ሺ1 െ θሻ୧θ୨ ൣi ൛ ଵ,ଶ ሺτ, i, jሻ  ,ଵ,ଷ ሺτ  i, jሻ െ ,ଵ, ሺτ  i, jሻ െ

,ଵ, ሺτ  i, jሻ െ ,ଵ,଼ ሺτ                                i, jሻ െ ,ଵ,ଽ ሺτ  i, jሻሽ  j ൛ଶ,ଷ ሺτ, i, jሻ 
,ଶ,ସ ሺτ  i, jሻ െ ,ଶ, ሺτ            i, jሻ െ ,ଶ, ሺτ  i, jሻ െ ,ଶ,଼ ሺτ  i, jሻ െ ,ଶ,ଽ ሺτ  i, jሻሽ൧   

                                                                            ;  τ ≥ ihଵ  ሺj  1ሻhଶ  

                 i = 0, 1, 2, …, n1;  j = 0, 1, 2, …, n2  and (i + j) ≠  0      (10) 

where φk,l (τ, i, j)’s  (k = 1, 2, ; l = 1, 2, …, 9) are obtained by the 
following expressions after replacing  T  by  τ . 

φ1,1 ሺT, i, jሻ ൌ  π1,1ሺt, i, jሻdtT
ሺiെ1ሻh1jh2

  

φ1,2 ሺT, i, jሻ ൌ  π1,1ሺt, i, jሻ  eെm ሺTെtെh1 ሻdtTെh1
ሺiെ1ሻh1jh2

  

φ1,3 ሺT, i, jሻ ൌ  π1,1ሺt, i, jሻdtT
Tൌh1

  

φ1,4 ሺT, i, jሻ ൌ  π1,2ሺt, i, jሻdtT
ih1 jh2

  

φ1,5 ሺT, i, jሻ ൌ  π1,3ሺt, i, jሻdtT
ሺ݅െ1ሻh1 ሺj1ሻh2

  

φ1,6 ሺT, i, jሻ ൌ  π1,2 ሺt, i, jሻTെh1
݅h1 jh2

 eെm ሺTെtെh1ሻ dt  

φ1,7 ሺT, i, jሻ ൌ  π1,2ሺt, i, jሻT
Tെh1

dt  

φ1,8 ሺT, i, jሻ ൌ  π1,3 ሺt, i, jሻTെh1
ሺ݅െ1ሻh1 ሺj1ሻh2

 eെm ሺTെtെh1ሻ dt  

φ1,9 ሺT, i, jሻ ൌ  π1,3 ሺt, i, jሻT
Tെ h1

dt  

φ2,1 ሺT, i, jሻ ൌ  π2,1 ሺt, i, jሻT
ih1 ሺjെ1ሻh2

dt  

φ2,2 ሺT, i, jሻ ൌ  π2,2 ሺt, i, jሻT
ሺi1ሻh1 ሺjെ1ሻh2

dt  
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φ2,3 ሺT, i, jሻ ൌ  π2,1 ሺt, i, jሻT
ih1 ሺjെ1ሻh2

 eെm ሺTെtെh2ሻ dt  

φ2,4 ሺT, i, jሻ ൌ  π2,1 ሺt, i, jሻT
Tെh2

dt  

φ2,5 ሺT, i, jሻ ൌ  π2,3 ሺt, i, jሻT
ih1jh2

dt  

φ2,6 ሺT, i, jሻ ൌ  π2,2 ሺt, i, jሻTെh2
ሺi1ሻh1ሺjെ1ሻh2

 eെm ሺTെtെh2ሻ dt  

φ2,7 ሺT, i, jሻ ൌ  π2,2 ሺt, i, jሻT
Tെh2

dt  

φ2,8 ሺT, i, jሻ ൌ  π2,3 ሺt, i, jሻTെh2
ih1jh2

eെm ሺTെtെh2ሻ dt  

φ2,9 ሺT, i, jሻ ൌ  π2,3 ሺt, i, jሻT
Tെh2

dt  

Now, the probability of i and j conceptions of types I and II respectively 
during    (t1, t2), given that the female is fecund at t1 and remains so throughout 
the period of observation, is P1,j

כ  ሺTሻ, which is obtained by substituting T for τ in 
P1,j

כ  ሺτሻ. Further the probability of i and j conceptions of types I and II 
respectively to a female during (t1, t2), given that she was fecund at t1 and 
becomes sterile during (τ, τ + dτ), is given by 

 1
T P

1,j

כ
 ሺτሻ dτ    ,     0 ൏  τ  T. 

Now, a1a2 is the probability that a female fecund at the start of the 
observational period, remains so throughout the period; while a1(1-a2)  is the 
probability that a female fecund at the start of the observational period becomes 
sterile at any point during the period. Thus, the joint probability function of X1 
(T) and X2 (T), under assumptions 1 to 7, is given by 

P0,0 ሺTሻ ൌ
ሺ1 െ a1ሻ  a1 a2 P0,0

כ  ሺTሻ  a1ሺ1െa2ሻ
T  P0,0

כ  ሺτሻ dτ   ;                                            ሺ11ሻT
0   

   ൌ ሺ1 െ aଵሻ  aଵ aଶ ቂ1 െ φଵ,ଵ ሺT, 1, 0ሻቃ 
aଵሺ1 െ aଶሻ

T ቂT െ ψଵ,ଵሺT, 1, 0ሻቃ ; 

                                                                                            0 ൏ ܶ  ݄ଵ 

ൌ ሺ1 െ aଵሻ  aଵ aଶ ቂ1 െ φଵ,ଵ ሺT, 1, 0ሻ  φଵ,ସ ሺT, 1, 0ሻቃ  ୟభሺଵିୟమሻ


ቂT െ
ψଵ,ଵሺT, 1, 0ሻ                                             ψଵ,ସሺT, 1, 0ሻ൧  
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                                                                                          ; ݄1 ൏ ܶ  ݄2 

ൌ ሺ1 െ aଵሻ  aଵ aଶ ቂ1 െ φଵ,ଵ ሺT, 1, 0ሻ  φଵ,ସ ሺT, 1, 0ሻ  φଵ,ହ ሺT, 1, 0ሻቃ 

                         ୟభሺଵିୟమሻ


ቂT െ ψଵ,ଵሺT, 1, 0ሻ  ψଵ,ସሺT, 1, 0ሻ  ψଵ,ହሺT, 1, 0ሻቃ  

                                                                                 ; ܶ  ݄ଶ   (12) 

Pi,j ሺTሻ ൌ
a1 a2 P0,0

כ  ሺTሻ  a1ሺ1െa2ሻ
T  P1,j

כ  ሺτሻ dτ                                                                     ሺ13ሻT
0   

 Pi,j ሺTሻ ൌ 0                      ;  0 ൏ ܶ  ݄݅1  ሺ݆ െ 1ሻ݄2 

Pi,j ሺTሻ ൌ a1 a2
ሺi  j െ 1ሻ!

i !  j ! ሺ1 െ θሻi  θj  j  φ2,1 ሺT, i, jሻ 

                                              ୟభሺଵିୟమሻ


ሺ୧ା୨ିଵሻ!
୧ ! ୨ !

ሺ1 െ θሻ୧  θ୨  j ψଶ,ଵሺT, i, jሻ  

                                                           ;  ݄݅ଵ  ሺ݆ െ 1ሻ݄ଶ ൏ ܶ  ሺ݅ െ 1ሻ݄ଵ  ݆݄ଶ  

                               ൌ aଵ aଶ
ሺ୧ା୨ିଵሻ!

୧ ! ୨ !
ሺ1 െ θሻ୧  θ୨ ቂi  φଵ,ଵ ሺT, i, jሻ  j  φଶ,ଵ ሺT, i, jሻቃ  

                              ୟభሺଵିୟమሻ


ሺ୧ା୨ିଵሻ!
୧ ! ୨ !

ሺ1 െ θሻ୧  θ୨ ቂi ψଵ,ଵሺT, i, jሻ  j ψଶ,ଵሺT, i, jሻቃ  

                                          ;  ሺ݅ െ 1ሻ݄ଵ  ݆݄ଶ ൏ ܶ  ሺ݅  1ሻ݄ଵ  ሺ݆ െ 1ሻ݄ଶ  

ൌ aଵ aଶ
ሺ୧ା୨ିଵሻ!

୧ ! ୨ !
ሺ1 െ θሻ୧  θ୨ ቂi ቄ φଵ,ଵ ሺT, i, jሻቅ  j ቄ  φଶ,ଵ ሺT, i, jሻ െ

  φଶ,ଶ ሺT, i, jሻൟቃ     ୟభሺଵିୟమሻ


ሺ୧ା୨ିଵሻ!
୧ ! ୨ !

ሺ1 െ θሻ୧  θ୨ ቂi ቄψଵ,ଵሺT, i, jሻቅ  j ቄψଶ,ଵሺT, i, jሻ െ

ψଶ,ଶሺT, i, jሻൟቃ  

;  ሺ݅  1ሻ݄ଵ  ሺ݆ െ 1ሻ݄ଶ ൏ ܶ  ݄݅ଵ  ݆݄ଶ 

ൌ aଵ aଶ
ሺ୧ା୨ିଵሻ!

୧ ! ୨ !
ሺ1 െ θሻ୧  θ୨ ቂi ቄ φଵ,ଶ ሺT, i, jሻ   φଵ,ଷ ሺT, i, jሻെφଵ,ସ ሺT, i, jሻቅ 

j ቄ  φଶ,ଷ ሺT, i, jሻ    φଶ,ସ ሺT, i, jሻ െ   φଶ,ଶ ሺT, i, jሻ െ   φଶ,ହ ሺT, i, jሻቅቃ 
ୟభሺଵିୟమሻ


ሺ୧ା୨ିଵሻ!

୧ ! ୨ !
ሺ1 െ θሻ୧  θ୨ ቂi ቄψଵ,ଵሺଵሻሺT, i, jሻ  ψଵ,ଶሺT, i, jሻ  ψଵ,ଷሺT, i, jሻ െ

ψଵ,ସሺT, i, jሻൟ  j ቄψଶ,ଵሺଵሻሺT, i, jሻ െ ψଶ,ଶሺT, i, jሻ  ψଶ,ଷሺT, i, jሻψଶ,ସሺT, i, jሻ െ

ψଶ,ହሺT, i, jሻൟቃ  
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;  ݄݅ଵ  ݆݄ଶ ൏ ܶ  ሺ݅ െ 1ሻ݄ଵ  ሺ݆  1ሻ݄ଶ 

ൌ
a1a2

ሺijെ1ሻ!
i ! j ! ሺ1 െ

θሻi  θj ቂi ቄ φ1,2 ሺT, i, jሻ   φ1,3 ሺT, i, jሻെφ1,4 ሺT, i, jሻെφ1,5 ሺT, i, jሻቅ 
j ቄെφ2,2 ሺT, i, jሻ   φ2,3 ሺT, i, jሻφ2,4 ሺT, i, jሻെφ2,5 ሺT, i, jሻቅቃ  a1ሺ1െa2ሻ

T
ሺijെ1ሻ!

i ! j ! ሺ1 െ

θሻi  θj ቂi ቄψ1,1ሺ1ሻሺT, i, jሻ  ψ1,2ሺT, i, jሻ  ψ1,3ሺT, i, jሻ െ ψ1,4ሺT, i, jሻ െ ψ1,5ሺT, i, jሻቅ 
j ቄψ2,1ሺ1ሻሺT, i, jሻ െ ψ2,2ሺT, i, jሻ  ψ2,3ሺT, i, jሻψ2,4ሺT, i, jሻ െ ψ2,5ሺT, i, jሻቅቃ  

          ;  ሺ݅ െ 1ሻ݄ଵ  ሺ݆  1ሻ݄ଶ ൏ ܶ  ሺ݅  1ሻ݄ଵ  ݆݄ଶ 

ൌ a1a2
ሺi  j െ 1ሻ!

i !  j !  ሺ1 െ θሻi θj ቂi ቄ φ1,2 ሺT, i, jሻ

  φ1,3 ሺT, i, jሻെφ1,5 ሺT, i, jሻെφ1,6 ሺT, i, jሻെφ1,7 ሺT, i, jሻൟ
 j ቄφ2,3 ሺT, i, jሻ
  φ2,4 ሺT, i, jሻെφ2,5 ሺT, i, jሻെφ2,6 ሺT, i, jሻെφ2,7 ሺT, i, jሻൟቃ 

 ୟభሺଵିୟమሻ


ሺ୧ା୨ିଵሻ!
୧ ! ୨ !

ሺ1 െ θሻ୧θ୨ ቂi ቄψଵ,ଵሺଵሻሺT, i, jሻ  ψଵ,ଶሺT, i, jሻ 
ψଵ,ଷሺT, i, jሻ െ ψଵ,ସሺଵሻሺT, i, jሻ െ ψଵ,ହሺT, i, jሻ െ ψଵ,ሺT, i, jሻ െ ψଵ,ሺT, i, jሻൟ 

j ቄψଶ,ଵሺଵሻሺT, i, jሻെψଶ,ଶሺଵሻሺT, i, jሻ  ψଶ,ଷሺT, i, jሻ  ψଶ,ସሺT, i, jሻ െ ψଶ,ହሺT, i, jሻ െ

ψଶ,ሺT, i, jሻ െ ψଶ,ሺT, i, jሻൟቃ  

;  ሺ݅  1ሻ݄ଵ  ݆݄ଶ ൏ ܶ  ݄݅ଵ  ሺ݆  1ሻ݄ଶ 

= a1a2 
ሺijെ1ሻ!

i! j!  (1 - θ)i θj [ i {φ1, 2 (T, i, j) + φ1, 3 (T, i, j) - φ1, 6 (T, i, j) -φ1, 7 (T, 
i, j)- φ1, 8 (T, i, j) - φ1, 9 (T, i, j)} + j {φ2, 3 (T, i, j) + φ2, 4 (T, i, j) - φ2, 6 (T, i, j) - φ2, 

7 (T, i, j)- φ2, 8 (T, i, j) - φ2, 9 (T, i, j)}] 

 ୟభ ሺଵିୟమሻ


 ሺ୧ା୨ିଵሻ!
୧! ୨!

 (1 - θ)i θj [ i {ψ1, 1 (1) (T, i, j) + ψ1, 2 (T, i, j) + ψ1, 3 (T, i, 

j)- ψ1, 4 (1) (T, i, j)     - ψ1, 5 (1) (T, i, j) - ψ1, 6 (T, i, j) - ψ1, 7 (T, i, j) - ψ1, 8 (T, i, j) - 
ψ1, 9 (T, i, j)} + j {ψ2, 1 (1) (T, i, j) - ψ2, 2 (1) (T, i, j) + ψ2, 3 (T, i, j) + ψ2, 4 (T, i, j) - 
ψ2, 5 (1) (T, i, j) - ψ2, 6 (T, i, j) - ψ2, 7 (T, i, j) - ψ2, 8 (T, i, j) - ψ2, 9 (T, i, j)}] 

;  T ≥ ih1 + (j + 1) h2 

 for i = 0, 1, 2, …, n1; j = 0, 1, 2, …, n2 and i + j ≠ 0                             (14) 
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where  ψk,l(T, i, j)’s  (k = 1, 2,;   l = 1, 2, …, 9) are given by 

ψ1,1 ሺT, i, jሻ ൌ  φ1,1 ሺτ, i, jሻT
ሺiെ1ሻh1jh2

dτ  

ψ1,1 ሺ1ሻሺT, i, jሻ ൌ  φ1,1 ሺτ, i, jሻih1jh2
ሺiെ1ሻh1jh2

dτ  

ψ1,2ሺT, i, jሻ ൌ  φ1,2 ሺτ, i, jሻT
ih1jh2

dτ  

ψ1,3ሺT, i, jሻ ൌ  φ1,3 ሺτ, i, jሻT
ih1jh2

dτ  

ψ1,4ሺT, i, jሻ ൌ  φ1,4 ሺτ, i, jሻT
ih1jh2

dτ  

ψ1,4 ሺ1ሻሺT, i, jሻ ൌ  φ1,4 ሺτ, i, jሻሺi1ሻh1jh2
ih1jh2

dτ  

ψ1,5 ሺT, i, jሻ ൌ  φ1,5 ሺτ, i, jሻT
ሺiെ1ሻh1ሺj1ሻh2

dτ  

ψ1,5 ሺ1ሻሺT, i, jሻ ൌ  φ1,5 ሺτ, i, jሻih1ሺj1ሻh2
ሺiെ1ሻh1ሺj1ሻh2

dτ  

ψ1,6 ሺT, i, jሻ ൌ  φ1,6 ሺτ, i, jሻT
ሺi1ሻh1jh2

dτ  

ψ1,7 ሺT, i, jሻ ൌ  φ1,7 ሺτ, i, jሻT
ሺi1ሻh1jh2

dτ  

ψ1,8 ሺT, i, jሻ ൌ  φ1,8 ሺτ, i, jሻT
ih1ሺj1ሻh2

dτ  

ψ1,9 ሺT, i, jሻ ൌ  φ1,9 ሺτ, i, jሻT
ih1ሺj1ሻh2

dτ  

ψ2,1 ሺT, i, jሻ ൌ  φ2,1 ሺτ, i, jሻT
ih1ሺjെ1ሻh2

dτ  

ψ2,1 ሺ1ሻሺT, i, jሻ ൌ  φ2,1 ሺτ, i, jሻih1jh2
ih1ሺjെ1ሻh2

dτ  

ψ2,2 ሺT, i, jሻ ൌ  φ2,2 ሺτ, i, jሻT
ሺi1ሻh1ሺjെ1ሻh2

dτ  

ψ2,2 ሺ1ሻሺT, i, jሻ ൌ  φ2,2 ሺτ, i, jሻሺi1ሻh1jh2
ሺi1ሻh1ሺjെ1ሻh2

dτ  

ψ2,3 ሺT, i, jሻ ൌ  φ2,3 ሺτ, i, jሻT
ih1jh2

dτ  
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ψ2,4 ሺT, i, jሻ ൌ  φ2,4 ሺτ, i, jሻT
ih1jh2

dτ  

ψ2,5 ሺT, i, jሻ ൌ  φ2,5 ሺτ, i, jሻT
ih1jh2

dτ  

ψ2,5 ሺ1ሻ ሺT, i, jሻ ൌ  φ2,5 ሺτ, i, jሻih1ሺj1ሻh2
ih1jh2

dτ  

ψ2,6  ሺT, i, jሻ ൌ  φ2,6 ሺτ, i, jሻT
ሺi1ሻih1jh2

dτ  

ψ2,7  ሺT, i, jሻ ൌ  φ2,7 ሺτ, i, jሻT
ሺi1ሻih1jh2

dτ  

ψ2,8  ሺT, i, jሻ ൌ  φ2,8 ሺτ, i, jሻT
ih1ሺj1ሻh2

dτ  

ψ2,9  ሺT, i, jሻ ൌ  φ2,9 ሺτ, i, jሻT
ih1ሺj1ሻh2

dτ  

Application 

To illustrate the application of the model an observed distribution has 
been taken from the survey "Rural Development and Population Growth 
(1978)". Table given presents the distribution of number of children within a 
six-year period, to females aged 40-45 on the reference date of the survey. The 
table has been prepared by utilizing the information on the number of births 
during the seven years antecedent to the reference date. The births have been 
classified under two heads : the children dying within a year, and those 
surviving for at least one year after birth. The births which took place during the 
last one year failed to fulfill the criterion of one-year exposure period, and in 
whose cases the factor of infantile mortality could not be ascertained, were 
ignored. Thus on average the births relate to the fertility performance of a 
female during ages 35.5 to 41.5 instead of 35.5 to 42.5, owing to the exclusion 
of births during one year before the reference date. Since, the likelihood of the 
sterility being greater in the later phase of the reproductive period, the 
estimation of the parameters is done by utilizing the observed set of data related 
to the later part of the reproductive span. Also the females using hundred 
percent effective contraceptives are not taken into consideration, since we are 
considering only onset of natural sterility. 

The present model consists of six parameters viz. (1 - θ), h1, h2,   a1, a2 and 
m. By assuming (1 - θ), h1 and h2, we have estimated the parameters a1, a2 and 
m by equating the theoretical expressions of mean, variance and probability of 
zero birth to their respective observed values. From the survey data it is 
observed that the infant mortality rate is around 150 per thousand births. Hence 
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(1 - θ) has been taken here as 0.15. Further, for the estimation of the parameters, 
h1 and h2 have been taken as 1.00 year and 1.5 years. Here T = 6 years. The 
estimates aො1aො2 and mෝ  of a1, a2 and m are obtained as 

aො1 ൌ 0.710,          aො2 ൌ 0.649        and    mෝ  ൌ 0.401.   

With these estimates the expected frequencies for the distribution have 
been computed and presented in the Table. The value of 2χ at 3 degrees of 
freedom is 2.2066. 

If we take a2 = 1. our model reduces to that of Singh, (1978). In view of 
this, we have also obtained the estimates of a1 and m by using the theoretical 
expressions of probability of zero birth and mean. It this case the estimates 
aො1, mෝ  of a1 and m are obtained respectively as  

aො1 ൌ 0.650,      and    mෝ  ൌ 0.343. 

The expected frequencies and value of 2χ , based on the above estimates, 
are also presented in the Table given below. Here value of 2χ  is obtained as 
2.9869 at 4 degrees of freedom. 

Both the values of 2χ , in the Table below, are found to be insignificant at 
5 per cent level of significance. However, the present model may be more 
suitable because of its assumption that sterility increases with a female's age 
after the thirty fifth year of her life. 

Conclusion and Interpretation 

The proposed bivariate probability distribution is useful for interpreting 
the observed data in respect of the later segment of the reproductive life of a 
female. Such a distribution permits relatively larger degrees of freedom for the 
same duration of observational period. 

The estimate of m obtained in the present model is 0.401, which is in 
agreement with the value of m obtained by Srivastava and Singh (1989) for the 
same group of females. Also, the proportion of fecund females (i.e., a1) at the 
average age 35.5 is found to be 0.710, which is also similar to that obtained by 
Srivastava and Singh (1989). The pattern of estimates is the same. 

When a2 is equal to one, the estimates of a1 and a2, obtained here, indicate 
that about 16 percent females remain fecund at the end of the observational 
period, which is higher than that one obtained for the females of the same age 
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group by Srivastava and Singh (1989). The higher estimates of fecund 
proportion may be due to the fact that it corresponds to the females of age 41.5 
instead of 42.5, to which reference has already been made. 

In the end it may be concluded that the estimates based on either of the 
two models - the univariate and the bivariate - presented by Srivastava and 
Singh (1989) and in this paper may be approximately equal. 

Table : Observed and expected bivariate distribution of the number of live birth 
to Females of age 40-45 years during six years 

Number of birth : 
Children dying 
within a year 

Number of birth : Children surviving more than a year 
Total 

 0 1 2 3 4 

0 

0 

A1 

A2 

179 

179.00 

179.00 

  99 

  99.11 

  99.79 

  65 

  65.94 

  67.76 

  16 

  12.31 

  11.60 

    0 

    0.24 

    0.20 

359 

355.60 

355.35 

1 

0 

A1 

A2 

  11 

  15.14 

  11.85 

  20 

  22.61 

  23.64 

    3 

    8.19 

    7.75 

    3 

    0.41 

    0.34 

   37 

  46.35 

  46.58 

2 

0 

A1 

A2 

    3 

    1.94 

    1.81 

    5 

    1.73 

    1.64 

    0 

    0.20 

    0.17 

    1 

    0.00 

    0.00 

     9 

    3.87 

    3.62 

3 

0 

A1 

A2 

    0 

    0.12 

    0.11 

    1 

    0.06 

    0.34 

       1 

    0.18 

    0.45 

Total 

0 

A1 

A2 

193 

196.20 

195.77 

125 

123.51 

122.41 

  68 

  73.33 

  75.68 

  20 

  12.72 

  11.94 

    0 

    0.24 

    0.20 

 

406 

Note :  In each cell, A1 and A2 denote the expected frequencies according to the 
present model and Singh's model (1978) respectively. Calculated values of 2χ
are 

: 2.2066 with 3 d.f. for the proposed model 

: 2.9869 with 4 d.f. for Singh's model (1978) 
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