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Abstract

A  Namias  identity  for  Bernoulli  numbers  Br, is decomposed into two
relations which together contain the same information as that identity.
Then it is proved that one of these relationships can be demonstrated by
elementary means, and the another simplifies a known expression for the
Euler numbers in terms of Br.
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1. Introduction

Namias [4,6] obtained the following identity for Bernoulli numbers [1-3,5]:

=
1

2(1 2 ) 2 , = 1 , 2 , (1)

which for n even and odd leads to two relations which together amount to (1):

=
1

2(1 2 ) 1 + 2
2 2

2
2 , = 1 , 2 , (2)
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2 2 + 1
2 = 2 + 1 , = 0 , 1 , (3)

with the convention that  in (2) is zero for = 1.

The Section 2 shows that (2) can be derived by elementary expressions that
define the Bernoulli numbers, avoiding the use of the Gamma function as in the
publication of Namias. The Section 3 makes a reformulation of (3), which simplifies a
relationship between Euler numbers and Br.

2. Elementary Proof of (2)

In the identity:

2
cot

2
= 2

sen 2
cos

2
,

the expressions are replaced by their Taylor expansions [1,5]:

2
cot

2
= 1

2!
+

4! 6!
+ ,

2
sen 2

= 1 + (2 2)
2! 2

(2 2)
4! 2

,

cos
2

= 1
2! 2

+
4! 2 6! 2

+

(4)

for (remember that = 1  and ):

=
1

2(1 2 )
[ 1] =

1
6

,

=
1

2( 2 ) 1 + (2 2) 4
2

1
30

  ,

=
1

2(1 2 ) 1 + (2 2) 6
2 + (2 2) 6

4 =
1

42
, .,

from it is immediate the expression (2). We emphasize that this simple demonstration
used only the basic relations (4) that define the Bernoulli numbers, without the presence
of the Gamma function employed by Namias [6].
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3. An Application of (3) to the Euler Numbers

It is easy to see that the result (3) accepts the reformulation:

2
2

2
2 1 =

2
2 + 1

, = 0 , 1, 2 , (5)

with the convention that this  is zero for = 0.  The  Euler  numbers  are  given  by  the
expression [6]:

= ( 1) 1 +
2 4

2
2

2 1 , = 1 , 2 , (6)

which can be simplified under (5):

= ( 1)
4 + 1
2 + 1

4
2

2
2 1 , = 1 , 2 , (7)

the values obtained = 1 , = 5 , = 61,  , are entirely consistent with the Taylor
expansion [1]:

sec
2

= 1 +
2! 2

+
4! 2

+
6! 2

+ (8)

In addition, if into the identity:

2
sen 2

=
2

cot
2

sec
2

,

are employed the expansions (4) and (8) then a relationship between the numbers of
Bernoulli and Euler, is obtained:

=
( 1)

2(1 2 )
( 1) 2 2

2 , = 1, 2 , (9)

which it is difficult to find in the literature explicitly.
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