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Abstract: Several (s, t) — type of sequences has been established
such as (s, t) — Fibonacci sequence and (s, t) — Lucas sequence, (s, t)
— Jacobsthal etc. Thus in this paper, we give a new type of (s, t) —
Pell sequence (E;(s, t))nen

En = 2iEn1+ En2; n > 2 and Eo = (25 —t), E1 = i(s — t) where i =
v—1lands,te zZ*

We also defined a binomial form (Y,,(s, t))nen to the new (s, t)-
Pell sequence and then some fundamental identities for the
binomial form (Y, (s, t)),ey are obtained.

Index Terms: (s, t) -Fibonacci, (s, t)-Lucas, (s, t)- Pell, (s, t)- Pell
matrix, Binomial Form.

I. INTRODUCTION

Fibonacci sequence have great significance and plays a
significant role almost in every field of science. Some sequences
such as Pell, and Pell — Lucas sequences etc have akin frame to
the Fibonacci sequence which means, these sequences are the
generalized of Fibonacci sequence.

Horadam (1971) given generalized sequence {Whn(a, b, p, q) as

W, Wo, Wi, Wa, Wa, .., (W) .. 2222 g, b, pb-ga, p%-

q
pga-gb,.... In which Wo = 0, W1=b
Whi2= pWhe1— qWh, 1)

where a, b, p, g are arbitrary integer and ifa=0,b=1, p = 2,
q = -1, then we get Pell sequence.

A very interesting number, Gaussian number were first
examined by the German mathematician

Karl Friedrich Gauss in 1832. Gaussian number is a complex
number. In Horadam (1963) defined generalized complex
Fibonacci sequence and Jordan (1965) defined Gaussian
Fibonacci sequence and delineated some properties for Gaussian
Fibonacci sequence and classical Fibonacci sequence.

Halici and Oz (2016) introduced Gaussian Pell and Pell —
Lucas numbers

GUn+1 = pGUy + qGUp., GUp = a, GU; = b (2)
Where a and b are initial values.

" Corresponding Author

DOI: 10.37398/JSR.2020.640234

o Ifp=q=1,a=1i, b= 1, then we get the Gaussian Fibonacci
sequence.

e Ifp=q=1,a=2-1i, b=1+2i, then we get the Gaussian
Lucas sequence.

elfp=2q=1,a=1,b =1, then we get the Gaussian Pell
sequence.

e Ifp=2q=1,a=2-2i, b=2+ 2i then we get the
Gaussian Pell - Lucas sequence.

In Halici and Oz (2018) introduced Gaussian Pell Polynomials

GPrn+1(X)=2XGPn(X)+GPn-1(X), ?3)
With GPy(x) = i, GP1(x) = 1.

Chen (2007) established many identities related to binomial
transform and given a sequence {b,}nezo IS the binomial
transform the sequence {a,}neczo , if

b = Zi=o(}p) 4)
many researcher established the generalizations of Fibonacci,
Lucas, Pell sequence etc by using parameters s and t then
sequence called (s, t)- type sequences and they also established
matrix sequences for (s, t) — type sequences.

Hulec and Taskara defined the (s, t) - Pell sequence {Pn(s, t)}
and the (s, t) — Pell matrix sequence {{(s, t)} by
Pn(s,t) = 28Pna(S,t) + tPn-a(S,1), n= 2 (5)

With Po(s, t) =0, Pa(s, t) = 1. (1)
{in(s,t) = 280n-1(S,t) + tlin-2(S,1), n=2 (6)

with initial conditions fo(s, t)=((1) (1)),01(5, t)=(2ts (1))

2. (s, t) — Pell Sequence.

Definition 1. For s, t€ Z* and i (=v/—1), the (s, t) — Pell
sequence { E,, },en IS recurrently defined by
En = 2iEn1+ Eng;

WithEo=(2s-1), E1 =i(s - t)
The recurrence relation have the characteristic equation e? - 2ie -
1 = 0 and suppose that ¢, and ¢, are the roots of this
characteristic equation ¢,=1 and ¢,= - i. (8)

n>2 @)

3. Binomial Form to the (s, t) — Pell sequence.
In this section we derived a binomial form (Y;,) of (s, t) — Pell
sequence (E,) and also presented Binet’s formula for (Y;,).
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Definition 2. For n € Z,, the binomial form to the (s, t) — Pell
sequence {E,, } is defined by

Yo = Zjeo (1) B ©
Lemma 1. 3 For n € Z, the following property holds for (Y;,)
Yoer = ?:0 <le> (Ej + Ejv1)
Proof. We can proof this Lemma by using the relation
n+1\ _ (n n
(") =)+ (%)
Theorem. If s, te Z* and i (=+v—1 ) the recurrence relation

of the binomial form (Y,)) is given by Y,., = (2 + 2i) Y, -
2iY,_, ,n=>1withY; =2s—tand Y; =s(2 +i) — t(1+1i).

o (1) (B + B

=B, +E, + Z?=1<’}> (E; +Epyr)

= Eo+E + 2721@) (E; + 2iE; + E;_y)
=@ +2) 30, <> . () o+ By + Ey
:(1+2i)27=1<’;>Ej+(1+2i)E0+

Proof. Since Y, =

7=1<’;>E,-_1-(1+ 20 Ey + Ey + E,

=@+ 2) Zeo (}) B + 2o (7} Bra
=(L+20) Y, + 3, <j> E;_

(10)

[by equation (9) ]
By substitute n by n — 1, we have

Vo= (14 20) Yoy + 551 (") By

= 20 Yoy + 7;(“ 1>E + ;l;f("‘.1>5j_1—

— 2iEy + E;
J
2iE, + E;
= 2iY, + X < >E] + [("THE +
ATy + (" )En-a 1 - 21E, + E
=2Y,_, +Z].=1<j_> 1+Z < >

(‘n;l)El +
(n;1>E2
- 2iE, +

E,
[since (" *) = 0]

=2iY,_ + 27 1[< > <”;1>]Ej_1_

2iE, + E,

= Yn - ZiYn—l = ;'lzl <‘;l> E‘]’—l - 21E0 + El

Then from equation (10), we have
Yy - 2iYn—l =Yoi1 - (1+ Zi)Yn
=Y, =Y, - 2iY,; + (1+ 2D))Y,
=2Y, +2i¥, —2iY,_,
=(2+2i)Y, —2iY,_,.
Then we have the characteristic equation of (Y;,) is
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-(2+2ip+2i=0.
Let @ and g are its roots such that
a=ptland f=— @, +1 (11)
And a + =2 +2i, a.f =2i,a -8 =0. (12)

Lemma 2. For a square matrix

_[2+2i -=2i
v=| ;

The following results hold

(sr)=v ()

] and ne Z,,

n+1 n+1 n+1 n+1
Ny _ -1 - B —pa™ +ap ]
AndY _(a ﬁ) [ Bn —,Ba"+a,8"
Proof. Since |Y — 61| =
_[2+420 -=2i1_
= ; ]_o
-(2+2)p+2i=0

Let a and 8 be characteristic roots as well as eigen values of
matrix Y then eigen vectors corresponding to a and S are (”1‘)
and (%) respectively.

Let eigen vectors Vi = [‘; ﬂ and diagonal matrix V; =
[a 0

0 B
Then Y"=V1.V,"V;?

@—- | '8] [Ogl
n+1 ‘Bn+1

=@ A7

0 _
,Bn] [—11 aﬂ]
—,B(Xn+1 + (Xﬂn+1]
—Ba™ + ap™

Theorem. (Binet's Formula for the binomial form (Y,,) )

For a square matrix Y = [2 + 20 —021'] and ne Z, we
have
Y, = Aa™+ B,G" A=D1z BBY" and B = “Y" 1 (13)
Y, = (25— 20 & a_ﬁ ] (14)
Proof. Since Y = [2 2 _Zl] and
n+1 n+1 n+1 n+1
n _ _ -1 .8 —,3(1 + (X,B ]
Yt = ((Z B) [ ‘Bn _'Ban+a‘8n
- (%) - (a -
_ n+1 n+1 _ an+1 +a n+1
o T TR T ()
-B pa™ +ap 0

— (Yn+1 :(a _ ﬁ)_l Yia™ oy, gty Bty af L
Yn Yiat—y, B -Yo Ba™ +Yoa BT

Then, we have
Y. = Yia™-v, BT - Yo Ba+Yoa BT
n a - ,8
- [( Y- Yo B)a™+ (Ulyo—yﬂﬁn]
a-p

= Yn
=Aa™ + Bp™
Where A= (a — B)1(Y; — YyB)a™
=(a — B Ys@+i)— t(1+i)—BQ2s+t)]a”
=(a — B) Y2s+is—t—it-2ps—pt]a™
=(a — B) 2sa™ +isa™ —t a™ ita™ - 2Bsa™ —
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Pta™]
=(a — B) Y2sa™ +isa™ —ta"—ita™ — 2s(2 +
20— a)a™ -t(2 + 2i -a)a™]

[from equation (12) ]
= (a — B) 2sa™ + isa™ — t a™—
disa™ + 2sa™*1 - 2ta™ — 2ita™ + ta™*1]
= (a— B) [2sa™?-s(2 +3i) a™ +ta™(a — 3 — 3i)]
= (a— B)Y2sa™?l— s(2 +3i)a™ — 2ta™]

ita™ — 4sa™-

Similarly

B=-(a— B)2sp™*1— s(2 +3i)p" — 2t 1]
Then
Y = (a— Bt [25 a™l—s(2 +3D)a"—

2ta™t =258 + s(2 +3i)B" + 2tp™F]
_ Zs(a"“—B"“) ) .\ (@™=B™) i (a"+1—ﬁn+1)
=S (23 S

_ (an+1_ﬁn+1) ) ) (an_Bn)
—(28—2t)7a_ﬁ s(2+31)—a_ﬁ .

Hence proved

Theorem. (Generalized Sum for (Y,,) )
Form,n,r € Z,, and (M,,), we have
n oy — “Ym@t+n)+r+ (D Yimnrt Ymir— (+ 1)
=1 mi+r [My+ (i+1)™+1]
Proof. Let
S= Z?:l Yinier
Multiplying both sides by [M,,, + (i + 1)™ + 1], we have
S[Mm + (l + 1)m + 1] :Mm Z?:I le+r + (l + 1)m ?:1 le+r
+ Yi=1 Yisr
Let
SIM(y + G+ D)™ +1]=85,+5, + S5
Here
Sl = Mm Z?:i le+r
And
Sy =+ D™ Y Yirr
= (i + 1)m[ym+‘r + Y2m+‘r +.o.t Ymn+r]
Add and subtract ¥,. on R.H.S. we get
Sy = (i + 1)m [ Yoner = e+ Yot Vi + Yoy + 0 F
Ym(n—1)+1]
And S3 = XL q Voursr
Add and subtract Yy, ,41)+1 On R.H.S. we have

S3 = [Ym(n+1)+‘r+Ym+‘r + Y2m+r + ~--+Ymn+r + Ym(n+1)+1 -
Ym(n+1)+1]
Now
S[Mp + ((+ D™ +1] =
'Ym(n+1)+r+Ym+r + (i + 1)mymn+r'(i + 1)er +
+ Z?:l[_ym(l+1)+r + Ym(l+1)+r ]

[ by using equation (13)]
Hence
Zn Y. _ Y@t +rt (D Yimntrt Ymir— (1)
I=1"'mi+r —

[Mpm+ (i+1)M+1]
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