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Abstract: In this article, A SIR epidemic model with bilinear
incidence rate has been proposed and the existing threshold
requirements of all classifications of equilibrium points are
obtained. Further, we study the global and local stability of the
disease-free and endemic equilibriums of the model. An optimal
control problem is formed and solved. Some numerical simulations
works are carried out to demonstrate our results. In this process,
our results generalized and improved any results in existing
literature.
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I. INTRODUCTION

Evolution of medical science made a diagnosis of deadly
diseases facile and helped to deal and curb them more efficiently
than it was a few decades ago. Nonetheless, infectious diseases,
which can spread either by direct exposure or through any other
channel, do have the potential to become epidemic and stretch to
all corners of the earth. Furthermore, varieties of new infectious
diseases, fatal and seemingly convoluted composition, are
coming into existence along with the time, and are needed to be
controlled by different tools. Moreover, such tools needed to be
developed to check such diseases efficaciously. Hence apart
from medical field specialists pioneers, experts and researchers
from diversified fields are now partaking in to find an optimal
way to check widespread of such diseases and if possible
exterminate them as well. Fortunately, a valuable tool
Mathematical modelling which can come in handy to analyze the
nature of infectious diseases and can help to develop control
methodology to deal with them, Daniel Bernoulli (1760)
formulated the first epidemiological model for smallpox.

But then came a cessation in the field of epidemiological
modelling, which got its breakthrough when pioneer (Hamer,
1906) put forward the outcome of his research in the early
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twentieth century. Down the line, in 1927, Kermack and
Mckendrick presented a preeminent deterministic compartment
model in order to analyze the outbreak of Black Death in
London in (1665-1666) and Mumbai plague havoc (1906). The
results of that model were precise in predicting the nature of
outbreaks and were in unison with recorded data of epidemics.

Recently, many mathematical model has been proposed to
control the effect of infectious diseases. (See Eckalbar et al.,
2011; Hosono et al., 1995 ; Hu et al., 2012; Jana et al.,2016;
Wang ,2006; Wang , 2012; Zhou et al.,2012)

The most critical task is to sort out the form of the disease-
communication an infected person to a healthy person. The mass
action form is the most common form of disease transmission;
this form pretends that the number of a healthy person who will
get affected is proportional to the number of those who will
contact the infected beings.

Researchers like Arino et al., 2004; Buonomo et al., 2008;

Makinde, 2007; Thomasey et al., 2011 have used only
vaccination in a theoretical study of human epidemiology while
researcher like Hu et al.,, 2012; Qiu et al.,, 2009 have used
treatment control only. Further some researcher like Kar et al.,
2013; Laarabi et al., 2015; Okosun et al., 2011; Tchuenche et al.
2011 have used both controls in their study. In this research,
treatment control only has been used as a control to introduce a
model of an epidemic system. Further, this would be relevant
that other infectious diseases, such as influenza, tuberculosis
measles and many others flues, are generally overcome by
suitable treatment control Feng et al., 1995; Hyman et al., 1998;
Wang, 2006; Wu et al., 2000. The treatment function is mainly
taken in the linear form Kar et al., 2013; Laarabi et al., 2015 etc.
In 2006, researcher Wang (2006) put forward a limited resource
epidemic model for treatment.

Zhang and Liu (2008) and Eckalbar and Eckalbar (2011)
implemented non-linear treatment function in their researches. It
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was considered in their study that numbers of the recuperated
patient depend on two factors, first being treatment control, and
another is a number of an infected person in the system. Hence
it’s plausible to suppose treatment function T(z,1 )= f(ul). In
Zhang et al., 2008 proposed saturated type treatment function
rl
l+o
effectiveness of the infected being delayed for treatment. When
the number of infected persons are inadequate and tends to a
fixed limit for a tremendous value of | , Zang and Liu’s
saturated treatment function have been proved to be
advantageous to produce non-linear treatment outcome.
Moreover, every feasible value of | has finite and a
continuous value in this treatment function. Likewise Jana et al.,
2015 considered treatment function as a function of both
infectious human (1) and the control (), and it is considered as

T(1) of the formT(1)= I ,F >0, >0, to measure the

T(I ):Lll,r >0,a >0. It was observed that for the very
)7

small value of | or g, the treatment function also tends to zero,

and for a value of | , which is very high, it tends to a finite limit.
Such treatment function has reflected natural epidemic model,
and hence this treatment function is utilized in this suggested
model.

Il. MANUSCRIPT ORGANIZATION

The organization of this manuscript as follows. First section is
devoted to the introduction and literature review of the proposed
problem. In the Section IlI, we present the model diagram and
formulation of the mathematical model while Section 1V
contains the analysis of the model for fixed control with and we
derived local and global stability. Section V proposed the
application of optimal control diseases. In Section VI, we
construct some numerical examples for the optimal control
Problem. Finally, we give the concluding remarks in conclusion.

11l. MATHEMATICAL MODEL FORMATION

This section presents the SIR epidemic model with bilinear
incidence rate and introduces some correlative definitions of
differential and algebraic systems where the population is
divided into three compartments, namely, the susceptible
population S(t) , infected population I(t) , and recovered
population R(t) . It is supposed that the parasites of the diseases
are transferred to susceptible individuals through direct contact
with infected individuals.

Jana (2015) considered the SIR epidemic model with
saturated incidence rate and a continually differentiable
treatment function with the saturation phenomenon of the
limited medical resources were studied as follows:
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dt 1+l

ar_ St b s
dt 1+al 1-+bul

R__W R-pR+mI

dt  1+bul

Inspiring by this work, we consider a SIR epidemic model

with the bilinear incidence rate «SI and a continually
differentiable treatment function T(1)= rul formulated by
1+bul
Wau et al., 2000.The model can be described as follows:
d—?za—aSI -d,;S+ R
A gsi— s —mi @)
dt 1+bul
R__T 4 R-pR+mI
dt  1+bul

where, g is the rate of losing immunity at time t, a is the

recruitment rate (including births and immigrations) of
susceptible individuals at any timet, and all the new recruited

populations go to the susceptible class, «(>0)is the disease
transmission rate and bilinear transmission function &SI , r is
positive quantity, b is non negative quantity and .z be the
treatment control parameter, d, is the natural death rate of
population, &, related to disease induced death rate. Historically,

a portion of almost every infectious disease recovers naturally,
so the portion ml of infected individuals moves to improved
(recovered) class due to their natural recovery. All parameters 3

,a,b,d,,r aand &, are positive.

a

Diagram of SIR Viodel

IVV. STABILITY ANALYSIS OF THE MODEL

Here, a study is presented by the dynamical behavior of the
system (1), when the treatment control parameter is taken as
fixed. Various complex phenomena like basic reproduction
number, uniform boundedness, the existence of all feasible
equilibrium and stability criteria, etc. are completely explained
in this section.
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A. Finiteness of the system

Let us study the boundedness characteristic of the total
population in the model:

“Theorem 1 the solutions of the model (1) are uniformly
bounded.”

Then we get,
Oij—’;l=a—d1N -5, ,

i.e.d—N+le <a
dt

Now, by integrating both sides of the above inequality and
using the theory of the differential inequality presented by
(Birkhoff et al., 1982), we have

0<N(S,I ,R)sdi(l—e’dlt )+ N(S(0),1(0),R(0))e™",

1

D a
By using limit,t - o, we get 0<N sd—,
1

Therefore all the solution of (1) that initiating at {8, >\0} are
circumscribed in the region

m:{(s,l,R)emi:N:di+§}. )

1
For any &£>0 and for t - o .Consequently, the theorem

proved.

As from (2), it can be said that all the solutions of the system
(1) are positive and uniformly bounded, it is claimed that there
exists a constant u, >0 such that

2, <min{liminf S(t),liminf 1(t),liminf R(t)}.

B. Basic Reproduction Number

The basic reproduction number is R, products of infection
rates and durations of infection. In other words, the basic
reproduction number R, is defined as the number of infected

individuals caused by a single infective individual considered by
Van et al., 2002.

B aa

S d(d, +8,+m+ru)

RO
C. Equilibrium Points and their Feasibility Criteria

The system (1) always has the diseases free equilibrium

Eo(di ,0,0) for any set parameters. The model (1) has two other
1

possible equilibria where the disease remains in the order. These

two equilibria are known as endemic equilibria with coordinates

E,(S,,1,,R, )and E,(S,,1,,R,). Further, the conditions of the

existence of endemic equilibrium will be found at E,(S",1",R")
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An endemic equilibrium always satisfies

‘i-?:a—aSl ~d,S+pAR=0

A gsi— 51 -mi=o0

dt 1+bul

R__TH 4 R_premI=0

dt  1+bul

By simple calculation, we get
s =X T4 (d 15 +m)|, R = LruEmEbmul)

a|1+bul (d, +8)(1+bul)

I” are roots of following quadratic equation

Al?+Al"+A =0,suchthatl, > 1, (3)
with

A = apbmu

A =(d, + B){aabu—bu(d, + 5, +m)(a+d, )} +ap(ru+m)
A =(d, +B){ea—aru—d,ru—(d, +8+m)(a+d, )}
Now,

|
20bmu

where discriminant of equation (3) is

A=[(d, + f){ aabu~bu(d, +,+m)(a +d, )} +ap(ru+m)] -

4afbomu(d, + ) aa 1
(d, +6,+m+ru) |d,(d, +5, +m+ru)

“Lemma 1 Existence criteria of endemic equilibrium(s),
. If either of 2 or b is zero then equation (3) enhances a
linear equation on | and system have a unique

endemic equilibrium with 1 =i which is attainable if
and only if R, > 1.

Il. If both & and b are non-zero, then (3) is a quadratic
equation and this equation may have two positive
solutions for | if A, <0 and R, <1 . Once again if
A} > 4A A then it has two positive solutions. In this
situation, there are two positive equilibria say
E.(S,.1,,R )and E,(S,,1,,R,).

1. Finally, if both x and b are non zero and R, <1, then

the quadratic equation (3) has only one change of sign
and therefore by using Descarte’s rule of sign it can be
required that the system has a unique feasible
equilibrium.”

D. Local Asymptotic Stability

Here, the local stability of the equilibria will be examined by
using the Routh-Hurwitz criterion and examining the
eigenvalues of the Jacobian matrices of the model (1) at the
equilibria
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“Theorem 2 The diseases free equilibrium E, is locally
asymptotically stable when R, <1 and is unstable whenR, >1

2

Proof The Jacobian matrix of system (1) at Eo(di ,0,0) is
1

aa
=) - i
1
IE,)=| 0 ‘;‘—a—(d1+50+m+ry) 0o |=0
1
0 ru _(d1+ﬂ)

The characteristics equation of system (4) at E, is the
following form:
(d, +2)(A*+C,A+C,)=0 (5)

where C, =2d1+ﬂ+50+m+r,u—0(;—a and
1

C, :(d1+ﬁ)[d1+50+m+ry—§—a)

1
=(d, +4)(d, +5,+m+ru)(1-R,)
Clearly, 4, =—d, is the eternally negative root of (5), and all
other roots of (5) are solved through (4° +C,A+C, )=0 , which

has negative roots if and only if (d, +J, + m+ ry—j—a) >0 ie.
1

B aa
d,(d,+6,+m+ru)

" ) <1. So the diseases free equilibrium

E, is locally asymptotically stable when R, <1 and is unstable
whenR, >1.

Note 1: In this study, the control parameter is one of the vital
parameters of the system parameters. Consequently from the
above theorem, we may assume that the diseases free
equilibrium is locally  asymptotically  stable if

>(aa—df—d1m—d1§0)
d,r
“Theorem 3 The endemic equilibrium E,(S™,I",R") is
locally asymptotically stable, if R, >1.”
Proof The Jacobian matrix of system (1) at endemic
equilibrium E,(S",17,R") is denoted by J(E" ), and defined by

—d, —al’ —as$” B
* * as*—(1+2‘/‘”*)+
WEHY=| al > 0
Ltz—(dl-i-é‘o-i-m)
(1+bul’)
ru  brg’l’ (d. +§)
(1+bul’) (1+bul’ )
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Consider V, =al : V, =aS’ and
-
Vv, = i _ br I* =, then Jacobian matrix is given by
(1+bul™) (1+bul™)
_dl _Vl _Vz ﬁ
JE )= Vv, V, -V, —(d, +5,+m) 0
0 v, —(d, +5)
The characteristics equation of system (3) atE, is given by
_dl _V1 _/11 _Vz IB
V, V, -V, —(d, +5,+m)-4 0 =0
0 v, —(d, +8)-4

(dy +V, + 4 )(d, + B+ 4){V, =V, —(d, + 5, +m)— 4, }

AL (dl +ﬂ+j’1)+ﬂv1v3 =0

Putting K, =d, +V , K,=d, +f and K,=d,+5,+m in
above equation and solving, we get

A +D,A4*+D,4,+D, =0.

where

D, =K, +K, +K, +V, -V,,

D, =K,K, +K,K, +K,K, +K,V, +K,V, =K.V, =K.V, +V,V, ,

D, =K, KV; +K, K K; =V\V,K, =K, KV, = V)V,

D,D, -D, =K (V, -V, ) +(K, +K, )(K, +K,)(V, -V, )+
(V, =V, ) (K, +K, )+ (K, + K, + K, ) (KK, + KK +KGK)
+(K,K, +K K ) (V, -V, ) +V, K, d, + AV,

Clearly, D,,D,,D, >0 and D,D, - D, >0, provided V, >V,
In such a situation, the Routh-Hurwitz criterion conceding
determines whether each root has negative real parts and
confirms the system's stability without solving the characteristic
equation itself. Consequently, by the Routh-Hurwitz criterion, it
ensures that the endemic equilibrium E,(S™,1",R")is locally
asymptotically stable. This ascertains the proof.

Note 2: It is discerned that the disease-free equilibrium claims
from stable to unstable as R, increases to 1. So, it may be
determined that at R, =1, the system passes by a bifurcation
approximately its disease free equilibrium E,

Note 3: ForR, <1, E. becomes unstable. Again forR, <1,

the disease-free equilibrium is locally asymptotically stable in
the region R , and hence there exists only one stable equilibrium
of the model. Consequently, the diseases will be exterminated
from the system.

E. Global Stability

The global stability of the endemic steady states is analyzed in
this section. To examine the global asymptotic stability of
E,(S",1",R"), the method of Li et al., 1996, the geometric
approach method involving the global stability of an endemic
equilibrium is applied. Furthermore, the adequate conditions for
which the endemic equilibrium is globally asymptotically stable
are obtained. The geometric approach method is illustrated
succinctly. Suppose
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x'=Q(x) (6)
Where Q: D, - R", D, « R"is open set and is clearly
connected, and x e D, , x> Q"(x) e R", Q(x)eC*(D,).
Let x“ be a equilibrium of (6). Now, it is recollected that x” is
called to be globally stable in D, if it is locally stable and all
trajectories in D, converge to x*. Consider that the following

hypotheses hold.
(A,) 3 A compact absorbing setx, < D, .

(A,) Equation (6) has a sole equilibrium x"in D, .

The basic idea of this method is that if the equilibrium x"is
locally stable, then the stability is ensured given that (A, )and
(A,) holds and no non-constant periodic solution of (6) exists.
Hence, sufficient conditions on Q capable of preventing the
presence of such solutions have to be identified. If (A,)and

(A, ) satisfy and equation (6) hold Bendixson criterion that is

robust under C?! local e-perturbations of Q at all non-
equilibrium non-wandering points for (6), and then x*is globally
stable and robust under C* local € —perturbation, explained by Li

ny (n
and Muldowney. Let P(x) be a (zjx[zj matrix valued

function, that is, C* on D and also suppose that

[21
B=P,P'+ Pag;_x p ©)
where P, is

P o P

T ©

(6)
and the matrix JI?!is the another additive compound matrix
of the Jacobian matrix J , that is, J(x)=D,Q(x). In general,

n) (n
foranxnmatrixJ =(J;), J"isa (2}{2] matrix and in the

particular case n =3 one has,

‘]11 +‘]22 ‘]23 _‘]13
Jel - I3 Jin+J5 Jy,
_‘]31 ‘]21 ‘]22 +‘]33

Let us assumed that the Lozinskil measure u of B with

n
respect to a vector norm |.[in®", N = [ZJ expressed by

#(B)= lim

—0

[t +hB|-1

It is shown in (Li et al., 1996) that if (A, )and (A, ) satisfy,
condition
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q:tlimsups;up%jy(B(x(s,x0 )))ds <0 (9)

%eK Lo
There are no orbits giving rise to a simple closed rectifiable
curve in D, which is invariant for (6) that is, periodic orbits,

homaclinic orbits, and heteroclinic cycles, it is proved in [18]. In
particular, condition (9) is showed to be a robust Bendixson
criterion for (6). Moreover, it is mentioned that, under the

premises (A,)and (A, ), further condition (9) indicates the

local stability of x* . Besides, it is robust under C! local
perturbations of Q near any non equilibrium point that is non-
wandering. In particular, the following global-stability outcome
is shown in Li et al., 1996.

“Lemma.2 Considered that D, is simply connected and that
the premises (A, )and (A, ) hold. Then the unique equilibrium

x" of (6) is globally stable in D, ifq < 0.This result is shown in

Lietal., 1996.”
Here, The global stability analyzed and obtained of the endemic

equilibrium E,(S*,17,R").

“Theorem 4 If R, >1 , then the endemic equilibrium
E,(S",17,R") of the model (1) is globally stable”

Proof The second additive matrix of the model (1) is
expressed by JP?1(S,I,R), where Jocabian of the model (1) is

expressed by J(E*) and defined by

—d, —al -a$s yij
aS——(l r: I)+
. +
IEH=| al o # 0
LZ—(d1+5o+m)
(1+bul)
2
0 ru  brul _(d,+5)
(1+bul) (1+bul)
a(s—1)- ", bl
(1+bul) (1+bul ) 0 -B
—(2d, +8,+m)
e = ru___bryl —al-2d,- 3 —aS
(1+bul) (1+bul) !
as__tH br 1
0 al (1+bul) (1+buly
—(2d, +5,+m+p)
. . .§SSS. .
Choose the function P:P(S,I,R):dlag(T,T,T) ;o it
understand that
Pt = diag(l,l,l), and
S$SS
/s s.s s .s s.
P, =diagy———=1 ,———=1 ———1 ¢,
Qg{||2||2||2}
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pIIpt = g2,

It is defined that,

B,=P,P*+PJPIP" =B, :(
BZ

Bll

1 22

B, —a(S—1)-—"H# D

ru br 1

27 (1+bul) (1+bul ¥
S I
E—I——al —Zdl—ﬂ

al

ru’l (

(1+bul) (1+bul Y

s I

S |
br 1

(1+bul )?

B
HJ , where

S I
2d1+60+m)+€—T,

—-aS

__w
(1+bul)

—(2d,+6,+m+ )

Let (u,v,w) be vector in %*; its norm | .| is represented as

| Cuvaw) | = max{]ul v+ w3}

Also, let y(B,) be the Lozinskil measure with respect to this

norm. We choose
7(B,)<sup{g,,0,},

zsup{yl( Bn )+|812|'71( Bzz )+|521|}'

where|Bn| are matrix norm with respect to L' vector norm

and 7, isthe Lozinskil measure with respectto L' norm, then

br 21

(1+bul) (1+bul Y

S I r
71(811):§_T+a(s_|)_ ~
—(2d, +5,+m),

and
S I
7(By) =5 -al-2d- B+
ru
maxs—al,aS ————
(1+bul)
Then we get
S ru
=——-—+a(S-1)-————
9= Sy
S I ru
=———+—"——-2d, - B+
= T @by HF
max —al,aS—r—ﬂz—cSO
(1+bul)

> —50—m},

-2d,-6,-m+ /), and

_m}
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From equation second of system (1), we have

Log _r—'u—(d1+50+m), therefore it can be
| (1+bul)
written
s br 1
=—-al-d +f+———, and
h=gmal=dts (1+b 1)
71(Bzz)+|le|— d ,3 OZS+5 +m+r—ﬂ
(1+bul )
ru
(1+b,u|)
7(By)<sup{g,9,}
S brg’l S
s TPy s TG AT e
=sup
4 TH ru
(1+bul Y (1+bul)
2
- B-a +LIZ,—/3—aS+5D+m
S (1+bul )
7(B, ) < ——d, +max

+
(1+bul ¥ ' (1+bul)

7(B, )< —(d - o)
2
pral+ 1brt§lll 2’
where @ = max (1+ )
ru ru

(1+bul ) (1+b,u| )
By integrating both sides simultaneously, it is obtained that

1o8(t) .
jy(B)ds_EJnS(O) (d, o)

-f—-aS+5,+m+

!hnamsup%jy(&)ds<—{d1—aﬁ,
—0 5

t
tIimsupsup%j;/( B,)ds<0.
—® o

Consequently, by the outcome of Li et al., 1996, it shows that
E,(S",1",R") is globally asymptotically stable.
The proof is complete by Lemma 2.

Note 4: By using the preceding theorem, it can be assumed that
if the natural death rate of each population class is more
significant than some threshold parametric condition then

E,(S",17,R") may be globally asymptotically stable.

F. Sensitivity of basic Reproduction Number
In an epidemic model, the basic reproduction number R, is
an essential parameter. It is difficult to control diseases if R, is

extensive. In the absence of treatment control, consider R, to be
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the basic reproduction number. The relationship between these
two reproduction numbers is described in the next theorem.

“Theorem 5 We always have R, < R;.”
Proof By definition of R; which is given above, it is easy to
obtain that R;
aa S aa _
d,(d,+5,+m) d,(d,+5,+m+ru)

Note 5: It is easy to state that the treatment control would
always provide a reduced basic reproduction number from the
above theorem. Therefore, proper treatment control still provides
some better outcomes compared to no control case.

V. APPLICATION OF OPTIMAL CONTROL DISEASES

Treatment control can be used as a constant, but initially, it
should be time conditional. From this, it can be concluded that
this control must be applied according to the necessity. The cost
of control must always be considered, but in the individual case,
the control should be applied as much as possible, when diseases
expect to be epidemic. When the main objective is to use the
treatment control according to the necessity of time, it cannot
always be neglected because of the high amount of treatment
cost. Consequently, an optimal control problem is formed and
determined with the help of the subsidiary equation.

A. Optimal Control Problem Formulation

The initial purpose of analyzing infectious diseases is trying to
exterminate the infection from the community and to improve
control. By using this purpose, an optimal control problem is
constructed with a concurrent motive to overcome infected
people as much as possible.

The objective function to be optimized is formulated as
follows:

b
Jo=minf (o1 + p,u)ct, (10)
40

Subject to differential equations (1)
A linear function is defined as in terms of available infected
individual 1 and cost of treatment control z, which is studied

in (10), thus we suppose J, as linear function of both | and z .

Now here, the condition is to explore a control #" as follows:

Jo(ﬂ*)=mi§Jl(ﬂ), (11)
HE!

Here, a set for the control is defined as
©={p:ismeasurableand 0< z(t)<1fore[0,1]} . The
control parameters consistently required is 0< g(t)<1

Makinde (2007). x(t) gets its highest value 1 when treatment is

provided to all people, while when none of the infected
population get treatment, x(t) consider its minimal value 0. In

intermediate conditions z(t) refers (0,1)open interval.
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We create the Lagrangian of the problem, to explain the
framework, which is provided by

L(Lu)=p ) +pp 12)
Now, the Hamiltonian H for our problem is constructed as
given below

HOS LR s 2 ) = L(1 )+ (0 S

RO+ AT

where A (t) for i=1,2,3 are co-state variables or adjoint

(13)

variables and can be concluded by solving the subsequent
system of ordinary differential equations:
AO=5 =AM (el +d) -0l @9
Again
. dH
A?(t):d_
_—A1 +ﬂl(t)a5 ﬂ?(t)|:as —m (d1 +50 +m):|
0 ){(1 bul ¥ m]
(15)
: dH
/la(t)=d—R=— (1)B+4,(t)(d; +p). (16)
Satisfying transversality conditions:
A(t)=0,i=1.23 (17)

Consider optimum value of S,1,R are given by S,I,R and
assume {2,,4,,4,} be solution of system (14) to (16). Then

following theorem is given:
“Theorem 6 There is an optimal control " (t) such that

3, (1), (1)) =minJd, (1(1), u(1))

Subject to the differential equations (14) to (16)”.
Proof In the given theorem, variable w(t) is convex as all the

co state variables are non negative Furthermore, the control
space is closed and convex. Hence the optimal control is
bounded, and we consider the existence of an optimal control

47 (1) . Therefore the theorem applying Pontryagin’s Maximum

Principle (1962), the subsequent theorem, is now asserted and
proved.

“Theorem 7 The optimal control 4" which minimizes J, over
the region ® is provided by

w1 =max{0,min( zz,1)} .

Where = ﬁ{ =2 —1}
P,

o}*l
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Proof Applying the optimality condition 55—H=0 , We have

Y]
(Gt
'u_bl_{ o 1}

Over the control is bounded with lower and upper bound is 0
and 1, respectively. i.e. g<Othen z=0, u>1then u=1,
and otherwise zz =z . Thus for the control zz = x", the optimal
value of the function J, is obtained, consequently proved
theorem.

VI. NUMERICAL SIMULATIONS

To see dynamical behavior of system (1), we present some
numerical simulations by using MATLAB in support of the
theoretical investigation given in previous sections.

Case-1: The dynamical behavior of system (1), choosing the
parameters as under

a=001,a=100,d, =02, b=05, #=04, 5,=005 ,
m=58 r=078 and x =05, next by computing, we obtained
basic reproduction number R, = 07763 <1and model (1) has a

disease-free equilibrium E, (di,o,oJ =(500,0,0). In this case,
1

S(t) approaches to its steady state value while I(t)and R(t)

approaches to zero as time goes to infinity. Thus the disease
disappears and dies out. The numerical simulation is manifested
in Figure 1. It observes that E, is globally asymptotically stable.

Figure 1(a)-1(c) shows the dynamic behaviors of system (1).
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400}/
300}
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100t
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t

Figure: 1(a) Population behavior
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300
200

100} |

20 30
t

Figure: 1(c) Population behavior
Figurel: The figures represent that the diseases dies out

Case-1l: The dynamical behavior of system (1), choosing the
parameters as under

a=001,a=500,d, =02, b=05, #=04,5,=03,
m=01r=2 and x=08. Next, by computing, the basic
reproduction number R, =11.364 >1 ,and model (1) has a
endemic equilibrium
E,(S*,1",R")=(60021,1816659,309.434) is obtained, for the
above choice of parameter, it is seen that S(t), I(t) and R(t)
approach to their steady-state values as time goes to infinity and
the diseases becomes endemic (See figure 2(a)-2(c)).
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Figure: 2(a) Population behavior
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Figure: 2(b) Population behavior
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Figure: 2(c) Population behavior
Figure2: The figures represent that the diseases dies endemic

Case IlI: it is observed that from the system (14)-(16), towards
the final time the value of 4, , A,, 4, are all goes to zero. These
phenomena assure that to get the minimum value of the
objective function (10), as the changes of the state variables S,
I and R  the rate of change of Hamiltonian H will be

increasing. (Figure 3(a)-3(b)).

0 : - ———
- 02k —
-04+ = .
0 20 40 60 80 100
Time
Figure: 3(a)
1
Mos e
0 ol N N N N B>, e
0 20 40 60 80 100
Time
Figure: 3(b)
0 P —
< 02 B
-0.4 . . . ‘
20 40 60 80 100
Time
Figure: 3(c)

Figure 3: Time evolution of the adjoint variables A, , A, , A,
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CONCLUSION

A compartmental epidemic model has been analyzed by
considering susceptible, infected, and recovered through
treatment control method. Moreover, available treatment control
and infected individuals, both are considered as independent
variables for treatment function. The complex-dynamics of the
systemic model has been discussed through different facets,
local and global asymptotic stability of the system has also been
studied. The stability of the equilibrium states has also been
carried out using some of the tested parameters from literature
reviewed in this paper.

Diseases, which are transmissible through human contact and
which could be cured through effective medical treatment are the
subject of this study. From analysis, this could be maintained
that by reasonably higher treatment control, the endemic
equilibrium turns unsteady. Hence, a stable endemic equilibrium
could lose stability when treatment controls value is increased.

The main subject of the study is to control the disease via
proper use of treatment control. For this purpose, the optimal
control technique would be an excellent tool. Here, the optimal
control technique has been used to minimize the number of
infected individuals and the total cost associated with the
treatment control.
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